The asymptotic expansion of the heat kernel associated with Laplace operators is considered for general irreducible rank-one locally symmetric spaces. Invariants of the Chern-Simons theory of irreducible U (n)− flat connections on real compact hyperbolic 3-manifolds are derived.
Introduction
The semiclassical approximation for the Chern-Simons partition function may be expressed by the asymptotics which leads to a series of C ∞ − invariants associated with triplets {X; F ; ξ} with X a smooth homology 3− sphere, F a homology class of framings of X, and ξ an acyclic conjugacy class of orthogonal representations of the fundamental group π 1 (X) [ 1] . In addition the cohomology H(X; Ad ξ) of X with respect to the local system related to Ad ξ vanishes. In dimension three there are two important topological quantum field theories of cohomological type, namely topological SU (2) gauge theory of flat connection and a version of the SeibergWitten theory. The twisted N = 4 SU SY SU (2) pure gauge theory (version of the DonaldsonWitten theory) describes the Casson invariant [ 2] while Seiberg-Witten theory is a 3d twisted version of N = 4 SU SY U (1) gauge theory with matter multiplet [ 3, 4] . Both theories can be derived from 4d N = 2 SU SY SU (2) gauge theory corresponding via twist to Donaldson-Witten theory. It would be interesting and natural to investigate dual description of the N = 2 theory in low-energy limit. It could provide formulation of invariants of four-manifolds involving elements of the Chern-Simons invariants. In this paper we turn into Chern-Simons invariants related to locally symmetric spaces. * The author would like to thank Professor G. Esposito for giving him opportunity to submit this invited contribution.
The invariant W CS (X; k) associated with the Chern-Simons functional CS(A (j) ) has to all orders in k −1 = /2π (k ∈ Z) an asymptotic stationary phase approximation of the form [ 5] W CS (X; k) = j W (j) 0 (X; k)
(1.1) where CS n (A (j) ) are the n-loop quantum corrections of flat connection A (j) coming from the nloop 1-particle irreducible Feynman diagrams.
The partition function of quadratic functional (one-loop expansion) W 0 (X; k) can be written in the form [ 6, 7] W 0 (X; k) = 2
The holomorphic function
is well defined for all ℜs ≫ 0 (in Eq. (1.3) the sum has to be taken over all the spectrum λ) and extends to a meromorphic function on C. Indeed, from the asymptotic behaviour of the heat kernel of the Dirac operator
it follows that η(s, D) admits a meromorphic extension to the whole s− plane, with at most simple poles at s = (dim X − q)/(ord D) (q ∈ Z + ) and locally computable residues. It has been established that the point s = 0 is not a pole, which makes it possible to define the eta invariant of D by η(0, D). One can attach the eta invariant to any operator of Dirac type on a compact Riemannian manifold of odd dimension. Dirac operators on even dimensional manifolds have symmetric spectrums and, therefore, trivial eta invariants. As far as the zeta function ζ(0, |D|) is concerned in Eq. (1.2), we recall that there exist ε, δ > 0 such that for 0 < t < δ the heat kernel expansion for selfadjoint Laplace operators L p (acting on the space of p− forms) is given by
We shall calculate the heat kernel coefficients A ℓ for locally symmetric spaces of rank one in the next sections. One can shown that the zeta function ζ(s, |D|) is well-defined and analytic for ℜ s > 0 and can be continued to a meromorphic function on C, regular at s = 0. Moreover (see Refs. [ 6, 7] ),
(1.5) where R(S) is the resolvent of the quadratic functional S (a chain of linear maps). ζ(0, |D|) can be expressed in terms of the dimensions of the cohomology spaces of D. Indeed, for all p A 0 (L p ) = 0, because we are dealing with odddimensional manifold without boundary. Since
The Ray-Singer norm || · || RS on the determinant line detH(X; ξ) is defined by [ 9] || · ||
For a closed connected orientable smooth manifold of odd dimension and for Euler structure η ∈ Eul(X) the Ray-Singer norm of its cohomological torsion T
an (X; η) = T
an (X) ∈ detH(X; ξ) is equal to the positive square root of the absolute value of the monodromy of ξ along the characteristic class c(η) ∈ H 1 (X) [ 10] :
In the special case where the flat bundle ξ is acyclic (H p (X; ξ) = 0) we have
(1.8) This note is an extension of previous papers [ 11, 12, 13, 14, 15, 16, 17, 18] . Our aim is to evaluate the semiclasssical partition function, weighted by exp[ √ −1kCS(A)]. We shall do this analysis using the spectral properties of elliptic operators acting on locally symmetric spaces of rank one.
Asymptotics of the heat kernel on rank one locally symmetric spaces
In Refs. [ 19, 20, 21] , Miatello studies the case of a closed locally symmetric rank one manifold X, using the representation theory of the group of isometries of X. We consider the same case, but we use the spectral zeta function of X. By our approach we determine the expansion coefficients explicitly, given the results of Ref. [ 22] . We shall be working with an irreducible rank one symmetric space M = G/K of non-compact type. Thus G will be a connected non-compact simple split rank one Lie group with finite centre and K ⊂ G will be a maximal compact subgroup [ 23] . Let Γ ⊂ G be a discrete, co-compact torsion free subgroup. Then X = X Γ = Γ\M is a compact Riemannian manifold with fundamental group Γ, i.e. X is a compact locally symmetric space. Given a finite-dimensional unitary representation χ of Γ there is the corresponding vector bundle V χ → X over X given by
is the representation space of χ and where Γ acts on M ⊗F χ by the rule γ·
. Let L Γ be the LaplaceBeltrami operator of X acting on smooth sections of V χ ; we obtain L Γ by projecting the LaplaceBeltrami operator of M (which is G− invariant and thus Γ− invariant) to X.
The spectral zeta function ζ(s; [ 24] is a holomorphic function on the domain ℜs > d/2, where d is the dimension of M , and by general principles ζ Γ (s; χ) admits a meromorphic continuation to the full complex plane C. However since the manifold X Γ is quite special it is desirable to have the meromorphic continuation of ζ Γ (s; χ) in an explicit form, for example in terms of the structure of G and Γ. Using the Selberg trace formula and the K-spherical harmonic analysis of G, such a form has been obtained in [ 22] ; also see Refs. [ 25, 26] . To state these results we introduce further notation.
Up to local isomorphism we can represent M = G/K by the following quotients:
(2.1) where d = n, 2n, 4n, 16 and ρ 0 is given by ρ 0 = (n − 1)/2, n, 2n + 1, 11 respectively in the cases (I) to (IV ). For details on these matters the reader may consult [ 23] , and also the Appendix in [ 26] . The spherical harmonic analysis on M is controlled by Harish-Chandra's Plancherel density µ(r), a function on the real numbers R, computed by Miatello [ 19, 20, 21] , and others, in the rank one case we are considering.
The heat kernel coefficients
The object of interest is the heat kernel ω Γ (t; χ) defined for t > 0 by
where n j is the (finite) multiplicity of the eigenvalue λ j . If h t is the fundamental solution of the heat equation on M , then h t and ω Γ (t; χ) are related by the Selberg trace formula (cf. [ 22] )
where we denote by Vol(Γ\G) the G− invariant volume of Γ\G induced by Haar measure on G, the theta function θ Γ (t; χ) is given by Eq. (4.18) of [ 22] (for b = 0 there) and where
We shall not need the result (2.2). Our goal is to compute explicitly all coefficients
(2.5) ζ Γ (s; χ) and ω Γ (t; χ) are related by the Mellin transform:
Moreover one knows by abstract generalities (cf. [ 24, 27] for example) that the coefficients A k are related to residues and special values of ζ Γ (s; χ). We obtain the following main result. Theorem 2.1 (Ref. [ 15] ). The heat kernel ω Γ (t; χ) in (2.2) admits an asymptotic expansion (2.5). For all G except G = SO 1 (ℓ, 1), SU (q, 1) with ℓ odd and q even, and for 0 ≤ k ≤ d/2 − 1,
while for n = 0, 1, 2, ... we have
Here β r (j) (r ∈ Z + ) is given by
9)
B r is the r-th Bernoulli number,
We considered the Minakshisundaram-Pleijel coefficients A k (X Γ ) for all compact rank one space forms X Γ (up to local isomorphism) with one exception -i.e. the case X Γ = Γ\G/K with G = SU (q, 1) . We assume G = SU (q, 1) where now q ≥ 2 is even. The meromorphic structure of ζ Γ (s; χ) in this case differs essentially from the case of odd q in its non-singular terms -not the singular terms of ζ Γ (s; χ) where information on poles is determined [ 15] . We now define β r (j) by
At this point the earlier discussions apply and we may conclude the following. Theorem 2.2. Formulae (2.7) and (2.8) also hold for G = SU (q, 1) with q ≥ 2 even, where d/2 = q = ρ 0 , provided that in formula (2.8) definition (2.9) for β r (j) is replaced by definition (2.12).
Real compact hyperbolic manifolds
In this section we consider briefly the Freed trace formula which is useful for calculation of the partition function of quadratic functional defined on real hyperbolic space. The heat kernel coefficients for p-forms on hyperbolic space can be found in the paper of F.L. Williams in this volume.
As before X Γ = Γ\G/K is a compact manifold, G = SO 1 (n, 1) (n ∈ Z + ) and K = SO(n). The corresponding symmetric space of non-compact type is the real hyperbolic space H n of sectional curvature −1. Its compact dual space is the unit n− sphere.
Fried's trace formula
Let a 0 , n 0 denote the Lie algebras of A, N in an Iwasawa decomposition G = KAN . Since the rank of G is one, dim a 0 = 1 by definition, say a 0 = RH 0 for a suitable basis vector H 0 . One can normalize the choice of H 0 by β(H 0 ) = 1, where β : a 0 → R is the positive root which defines n 0 ; for more detail see Ref. [ 26] . Since Γ is torsion free, each γ ∈ Γ−{1} can be represented uniquely as some power of a primitive element δ :
where j(γ) ≥ 1 is an integer and δ cannot be written as γ j 1 for γ 1 ∈ Γ, j > 1 an integer. Taking γ ∈ Γ, γ = 1, one can find t γ > 0 and 
where
2)
(p) are some constants, and the function C(γ), γ ∈ Γ, defined on Γ − {1} by
(3.4) For Ad denoting the adjoint representation of G on its complexified Lie algebra, one can compute t γ as follows [ 29] : e tγ = max{|c||c = an eigenvalue of Ad(γ)}. (3.5) Here C Γ is a complete set of representatives in Γ of its conjugacy classes; Haar measure on G is suitably normalized. For p = 0 (i.e. for smooth functions or smooth vector bundle sections) the measure µ(r) ≡ µ 0 (r) corresponds to the trivial representation of M. For p ≥ 1 there is a measure µ σ (r) corresponding to a general irreducible representation σ of M. Let σ p be the standard
which case σ n is the direct sum of two spin-(1/2) representations σ ± :
3.2. The Harish-Chandra Plancherel measure We should note that the reason for the pair of terms
where the P (r, d) are even polynomials (with suitable coefficients a 
Case of the trivial representation
For p = 0 we take I (−1) = H (−1) = 0. Since σ 0 is the trivial representation one has χ σ0 (m γ ) = 1. In this case formula (2.3) reduces exactly to the trace formula for p = 0 [ 29, 32] :
where ρ 0 is associated with the positive restricted (real) roots of G (with multiplicity) with respect to a nilpotent factor N of G in an Iwasawa decomposition G = KAN . The function H (0) (t, b (0) ) has the form
Case of zero modes
It can be shown [ 22] that the Mellin transform of H (0) (t, 0) (b (0) = 0, i.e. the zero modes case)
is a holomorphic function on the domain ℜs < 0. Then using the result of Refs. [ 31, 26] one can obtain on ℜs < 0,
Here ψ Γ (s; χ) ≡ d(logZ Γ (s; χ))/ds, and Z Γ (s; χ) is a meromorphic suitably normalized Selberg zeta function [ 33, 34, 35, 32, 36, 31] .
The index theorem and the contribution to the partition function
For any representation χ : Γ → U (n) one can construct a vector bundle E χ over a certain 4-manifold Y with boundary ∂Y = X which is an extension of a flat vector bundle E χ over X. Let A χ be any extension of a flat connection A χ corresponding to χ. The index theorem of AtiyahPatodi-Singer for the twisted Dirac operator D Aχ [ 37, 38, 39] is given by 
(4.2) A remarkable formula relating η(s, D), to the closed geodesics on X = Γ\H 3 has been derived in [ 40, 41] . More explicitly the following function can be defined, initially for ℜ(s 2 ) ≫ 0, by the formula
, (4.3) where E 1 (Γ) is the set of those conjugacy classes [γ] for which X γ has the property that the Euclidean de Rham factor of X γ is 1-dimensional ( X is a simply connected cover of X which is a symmetric space of noncompact type), the number q is half the dimension of the fibre of the centre bundle C(T X) over X γ , and L(γ, D) is the Lefschetz number (see Ref. [ 41] ). Furthermore log Z(s, D) has a meromorphic continuation to C given by the identity Let now χ : Γ → U (F ) be a unitary representation of Γ on F . The Hermitian vector bundle F = X × Γ F over X inherits a flat connection from the trivial connection on X × F . We specialize to the case of locally homogeneous Dirac operators D : C ∞ (X, E) → C ∞ (X, E) in order to construct a generalized operator O χ , acting on spinors with coefficients in χ. If D :
is a differential operator acting on the sections of the vector bundle V , then D extends canonically to a differential operator
uniquely characterized by the property that D χ is locally isomorphic to D ⊗ ... ⊗ D (dim F times) [ 41] . One can repeat the arguments to construct a twisted zeta function Z(s, D χ ). There exists a zeta function Z(s, D χ ), meromorphic on C, given for ℜ(s 2 ) ≫ 0 by the formula 
The Ray-Singer norm
For odd-dimensional manifold the Ray-Singer norm is a topological invariant: it does not depend on the choice of metric on X and ξ, used in the construction. But for even-dimensional X this is not the case [ 42] . For real hyperbolic manifolds of the form Γ\H 3 the dependence of the L 2 − analytic torsion (1.8) on zeta functions can be expressed in terms of Selberg functions Z Γ (s; χ). In the presence of non-vanishing Betti numbers b i ≡ b i (X) = rank Z H i (X Γ ; Z)) we have [ 11, 14] [T (2) an X] There is a class of compact sufficiently large hyperbolic manifolds which admit arbitrary large value of b 1 (X). Sufficiently large manifold contains a surface Σ whereas π 1 (Σ) is finite and π 1 (Σ) ⊂ π 1 (X). In general, hyperbolic manifolds have not been completely classified and therefore a systematic computation is not yet possible.
However it is not the case for sufficiently large manifolds [ 43] , which give an essential contribution to the torsion (4.10).
Finally we note that formulae (4.8), (4.9), (1.2), (1.5) and (4.10) give the value of the asymptotics of the Chern-Simons invariant in the one-loop expansion. The invariant involves the L 2 − analytic torsion on a hyperbolic 3-manifold, which can be expressed by means of the Selberg zeta function Z Γ (s; χ) and Shintani function Z(0, D χ ), associated with the eta invariant of Atiyah-PatodiSinger.
